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Abstract

Consider a probability space (Θ,F ,P), two standard Borel spaces (V,V), (S,S), and

a random variable V : Θ → V . This note shows that for any probability measure µ ∈
∆(V × S,V ⊗ S) with margV µ = P ◦V−1, there exists a random variable S : Θ → S such

that (V,S) has law µ, provided that (Θ,F) is rich relative to V. This result has applications

in generating market segmentations using consumer characteristics; segmenting the residual

demand by only partitioning the consumers according their values in a multi-firm, multi-

product setting; and connects back to well known results in information economics.
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1 Introduction

A random variable defined on a probability space induces a law. It is well-known that the

converse is true (see, for instance, Durrett (2010), Theorem 1.2.2): Given any law, there

exists a probability space and a random variable that has this law. This note explores a

related question: Given a probability space and a random variable, as well as an arbitrary

joint distribution with the correct marginal (i.e., the marginal distribution equals to the law

of this random variable), when is it possible to find another random variable such that the

two random variables have the desired joint distribution? This is a more involved question

as 1) the underlying probability space is fixed, and 2) the constructed random variable must

induce both a marginal and a joint distribution that agree with the targeted probability

measure.

Theorem 1 and Theorem 2 show that as long as the underlying probability space is rich

(relative to the given random variable), one can always construct another random variable

such that the two random variables would have the desired joint distribution. The intuition

is straightforward. Consider a probability space (Θ,F ,P) and a random variable V : Θ→ R.

For any joint distribution µ ∈ ∆(R2) with margRµ = P◦V−1, since R2 is a regular probability

space, it can be written as µ(dv, ds) = π(ds|v)P ◦ V−1(dv), where π : R → ∆(R) is a

transitional kernel. As such, if for any v ∈ R, the probability space (Θ,F ,P), when restricted

on V−1(v) = {θ ∈ Θ|V(θ) = v}, is isomorphic to ([0, 1],B([0, 1]), L), where L is the Lebesgue

measure, then the standard method can be applied to generate a random variable with law

π(·|v). The proof of Theorem 2 below formalizes this logic.

With Theorem 1 and Theorem 2, it then follows that any joint distribution with a fixed

marginal can be thought of as a partition of an underlying probability space. This observation

can then be applied to various economic settings, including generating arbitrary market

segmentations through consumer characteristics; splitting the residual demand by simply

partitioning consumers according to their values in an oligopoly setting with heterogeneous

products; as well as connecting the Aumann knowledge model (Aumann, 1976) to information

structures described by Harsanyi type spaces (Harsanyi, 1967-68) when there is a common

prior.

The rest of this note is organized as follows. Section 2 outlines the set up and derives the

main result, Section 3 discusses three applications, and Section 4 concludes.

2 Generating Joint Distribution

Consider a probability space (Θ,F ,P) and two standard Borel spaces (V,V), (S,S). Let

V : Θ → V be a measurable function and let µ0 := P ◦ V−1 denote the law of V. For

any joint distribution µ ∈ ∆(V × S,V ⊗ S), the goal is to construct a measurable function
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S : Θ→ S such that

P(V−1(A) ∩ S−1(B)) = µ(A×B),

for all measurable sets A ∈ V and B ∈ S.

To this end, we introduce two notions of “richness”.

Definition 1. The probability space (Θ,F ,P) is nonatomic if for any A ∈ F such that

P(A) > 0, there exists B ∈ F such that

0 < P(B) < P(A).

Definition 2. The probability space (Θ,F ,P) is rich relative to V if for any A ∈ V ,

(V−1(A),F|V−1(A), P̃A) is isomorphic to (I,B([0, 1]), L) modulo zero for some interval I ⊆
[0, 1], where

F|V−1(A) := {F ∈ F : F ⊆ V−1(A)},

and

P̃A(F ) := P(F ∩V−1(A)),

for any F ∈ F|V−1(A) and L is the Lebesgue measure.

With these two notions of richness, we now introduce the main results.

Theorem 1. Suppose that (Θ,F ,P) is nonatomic. Then for any µ ∈ ∆(V × S,V ⊗ S) such

that the support of margSµ is countable, there exists a countable partition H of Θ such that

H ⊆ F and that for any s ∈ supp(margSµ), there exists H ∈ H such that

P(H ∩V−1(A)) = µ(A× {s}),

for all A ∈ V.

To prove Theorem 1, we first introduce two useful lemmas,

Lemma 1. There exists a countable partition A of V such that for any A ∈ V, there exists

A′ ∈ σ(A) such that

µ0(A∆A′) := µ0((A\A′) ∪ (A′\A)) = 0.

Lemma 1 follows directly from the fact that the symmetric difference operator ∆, together

with a finite measure, induces a separable metric space (since (V,V) is a standard Borel

space), which is commonly used in probability theory and therefore the proof is omitted.

Henceforth, fix the partition A given by Lemma 1.

Lemma 2. For any finite measure m ∈ ∆(V,V) such that m(A) ≤ µ0(A) for all A ∈ V and

for any F ∈ F , if for all A ∈ A,

P(V−1(A) ∩ F ) = m(A), (1)

then (1) holds for any A ∈ V.
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Proof. Let F ∈ F be the set such that (1) holds for all A ∈ A. Consider the σ-algebra

generated by A, σ(A). Notice that A∪{∅} is a π-system since A is a partition. Furthermore,

let L be the collection of subsets A of V such that (1) holds. It is then straightforward to

verify that, by using the fact that every A ∈ A satisfies (1), L is a λ-system. By Dynkin’s

π-λ theorem, since A ∪ {∅} ⊆ L, it must be that σ(A) ⊆ L. That is, for any A ∈ σ(A),

P(V−1(A) ∩ F ) = m(A).

Finally, for any A ∈ V , by Lemma 1, there exists A′ ∈ σ(A) such that µ0(A∆A′) = 0, which

implies that, by countable subadditivity, µ0(A\A′) = 0 and m(A′\A) ≤ µ0(A′\A) = 0. As a

result,

P(V−1(A) ∩ F ) =P([V−1(A′) ∩ F ] ∪ [V−1(A)\V−1(A′)])

=P(V−1(A′) ∩ F ) + P(V−1(A)\V−1(A′))

=P(V−1(A′) ∩ F ) + P(V−1(A\A′))
=m(A′) + µ0(A\A′)
=m(A ∪ [A′\A])

=m(A) +m(A′\A)

=m(A)

where the fourth equality holds because A′ ∈ σ(A) and P ◦V−1 = µ0 while the fifth and the

last equality is due to µ0(A\A′) = m(A′\A) = 0 as implied by Lemma 1. This completes the

proof. �

With Lemma 1 and Lemma 2, Theorem 1 can readily be proved.

Proof of Theorem 1. Let q := margSµ, since supp(q) is a countable set, it can be enumerated

as {sn}. For each n ∈ N, define msn ∈ ∆(V,V) as

msn(A) :=
µ0(A× {sn})
µ0(V × {sn})

.

By definition, it then follows that

µ0(A) =
∞∑
n=1

msn(A)q(sn).

Notice that for m := ms1q(s1),

m(A) ≤ µ0(A)

for all A ∈ V .
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We now show that there exists H1 ∈ F such that

P(V−1(A) ∩H1) = m(A),

for all A ∈ V . To see this, take the countable partition A of V given by Lemma 1. For any

A ∈ A, since

P(V−1(A)) = µ0(A) ≥ m(A),

by Sierpinski’s intermediate value theorem, there exists HA ⊆ V−1(A), HA ∈ F such that

P(HA) = m(A).

Now let

H1 :=
⋃
A∈A

HA.

Since A is countable and HA ∈ F for all A ∈ A, H1 ∈ F . Moreover, since A is a partition of

V , V−1(A) ∩V−1(A′) = ∅, and hence HA ∩HA′ = ∅ for all A,A′ ∈ A, A 6= A′. As a result,

for any A ∈ A,

P(V−1(A) ∩H1) = P(V−1(A) ∩HA) = P(HA) = m(A).

By Lemma 2, since m(A) ≤ µ0(A) for all A ∈ V , it then follows that for any A ∈ V ,

P(V−1(A) ∩H1) = m(A).

Now let

m̃ :=
∞∑
n=2

msnq(sn).

and let

Θ1 := Θ\H1.

It then follows from µ0 = m+ m̃ that

P(V−1(A) ∩Θ1) =P(V−1(A))− P(V−1(A) ∩H1)

=µ0(A)−m(A)

=m̃(A),

for all A ∈ V .

Inductively, there exists a disjoint sequence of sets {Hn} ⊆ F such that

P(V−1(A) ∩Hn) = msn(A)q(sn),
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for all A ∈ V . In particular,

P(∪∞n=1Hn) =
∞∑
n=1

P(Hn) =
∞∑
n=1

P(V−1(V ) ∩Hn)

=
∞∑
n=1

msn(V )q(sn)

=
∞∑
n=1

q(sn)

=1

and hence ∪∞n=1Hn = Θ\H0, for some H0 ∈ F with P(H0) = 0. Together, the partition

H := {Hn}∞n=0 is as desired. �

Theorem 1 only allows for distributions where margSµ has countable support. For general

distribution µ ∈ ∆(V × S,V ⊗ S), a stronger version of richness (Definition 2) is needed.

Theorem 2. Suppose that (Θ,F ,P) is rich relative to V. Then for any µ ∈ ∆(V ×S,V⊗S),

there exists a measurable function S : Θ→ S such that

P(V−1(A) ∩ S−1(B)) = µ(A×B),

for all A ∈ V and for any B ∈ S.

Proof. Consider the countable partition A given by Lemma 1. For any A ∈ A, define a Borel

measure νA ∈ ∆(S,S) as

νA(B) := µ(A×B), ∀B ∈ S

and define a measure PA on (V−1(A),F|V−1(A)) as

PA(F ) := P(F ),

for all F ∈ F such that F ⊆ V−1(A). Then since (Θ,F ,P) is rich relative to V, and since

(S,S) is a standard Borel space, there exists a measurable function SA : V−1(A) → S such

that

PA(S−1
A (B)) = νA(B),∀B ∈ S

Moreover, sinceA is a partition of V , {V−1(A)}A∈A is a partition of Θ. Now define S : Θ→ S

as

S(θ) := SA(θ), if θ ∈ V−1(A).
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Since SA is measurable for all A ∈ A, S is measurable. Moreover, notice that for any A ∈ A
and for any B ∈ S,

P(V−1(A) ∩ S−1(B)) =P(V−1(A) ∩ S−1
A (B))

=P(S−1
A (B))

=νA(B)

=µ(A×B)

where the second equality follows from the fact that S−1
A (V ) ⊆ V−1(A). Finally, since for

all B ∈ S and for all A ∈ V , µ(A× B) ≤ µ(A× S) = µ0(A), Lemma 2 implies that for any

A ∈ V and for any B ∈ S,

P(V−1(A) ∩ S−1(B)) = µ(A×B),

as desired. �

3 Applications

3.1 Generating Market Segmentations using Consumer Characteristics

Consider the canonical third-degree price discrimination setting. A monopolist faces a unit

mass of consumers with unit demand and heterogeneous values. The distribution of con-

sumers’ values is summarized by a market demand D0. The monopolist is able to price

discriminate the consumers according to a market segmentation by charging different seg-

ments of consumers different prices. In these type of settings, a market segmentation is

usually defined as σ ∈ ∆(D) such that∫
D
D(p)σ(dD) = D0(p), ∀p ≥ 0,

where D denotes the collection of demand functions (i.e., the collection of nondecreasing,

upper-semicontinuous functions on R+ with 0 ≤ D(p) ≤ 1 for all p ≥ 0. In other words,

instead of directly partitioning consumers into groups, a market segmentation is defined as a

way to split the market demand into several “sub-demands” that average back to the market

demand. Since the seminal work of Pigou (1920), this has been a textbook definition of

market segmentations.

While traditionally it is not difficult to connect this definition of market segmentation

to directly partitioning consumers by their characteristics (e.g., by age, location, purchasing

time), a recent literature starts to explore questions that involve arbitrary market segmen-

tations (see, for instance, Bergemann et al. (2015), Haghpanah and Siegel (2020), Yang

(2020)). These papers consider every market segmentation, and therefore, making it more
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economically relevant to understand the conditions of the consumers’ characteristic space

under which any market segmentation can be generated by some partition of the consumer

characteristics. The results above serve exactly this purpose.

To see this, notice that for any D ∈ D, there is a (uniquely) associated probability

measure mD ∈ ∆(R+). As a result, a market segmentation σ can be thought of as a joint

distribution on R+ ×D such that the marginal on R+ equals to mD0 . That is, by letting

µ(A×B) :=

∫
B

mD(A)σ(dD)

for any measurable sets A ⊆ R+ and B ⊆ D, a market segmentation σ can be thought of as a

joint distribution with a certain marginal on R+. Meanwhile, the probability space (Θ,F ,P)

can be thought of as the consumers’ characteristic space, so that each consumer is identified

with a characteristic θ ∈ Θ, and a consumer with characteristic θ has value V(θ). Together

with Theorem 1 and Theorem 2, we have following corollaries.

Corollary 1. Suppose that the characteristic space (Θ,F ,P) is nonatomic. Then for any

market segmentation σ with supp(σ) being countable, there exists a countable partition H of

Θ such that H ⊆ F and that for any D ∈ supp(s), there exists H ∈ H such that

P(V−1(A) ∩H) = mD(A)s(D),

for all measurable set A ⊆ R+.

In other words, given this partition H, for any demand function D ∈ supp(σ), there exists

H ∈ H such that among the consumers with θ ∈ H, their demand is given by D. Similar

conclusion can also be drawn even when σ is uncountable.

Corollary 2. Suppose that (Θ,F ,P) is rich relative to V. Then for any market segmentation

σ, there exists a σ-algebra H ⊆ F such that for any measurable B ⊆ D, there exists H ∈ H
such that

P(V−1(A) ∩H) =

∫
B

mD(A)σ(dD),

for all measurable set A ⊆ R+.

For example, (Θ,F ,P) is rich relative to V if Θ = Θ1 ×Θ2 × . . .ΘK with Θk ⊂ R for all

k (e,g., θ contains K different consumer characteristics that are described numerically , such

as income, tax record, age, time spent on a certain website); P is absolutely continuous with

respect to the Lebesgue measure; and if V−1(v) has Hausdorff dimension greater than 2 for

all v ∈ V(Θ).
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3.2 Splitting the Residual Demand by Partitioning Consumers’ Values

Consider the following generalization of the environment described above. There are n ≥ 2

firms, each firm produces a different product. There is a unit mass consumers with unit

demand and heterogeneous values. Across the consumers, their values v = (v1, . . . , vn) ∈ Rn
+

are distributed according to a probability measure µ0. A market segmentation, analogous to

what is defined above, is a probability measure σ ∈ ∆(Rn
+) such that∫

∆(Rn
+)

m(A)σ(dm) = µ0(A),

for all measurable set A ⊆ Rn
+. The firms compete on the price margin, and the consumers

choose to buy from the firm for which vi − pi is the largest.

Suppose that each firm can further price discriminate according to (firm-specific) market

segmentations. A crucial object for understanding the firms’ pricing incentives is the residual

demand (see, for instance, (Li, 2020)). That is, for firm i, given other firms’ prices p−i, the

share of consumers that will buy from firm i if firm i sets the price at pi. Specifically,

Di(pi) := {v ∈ V |vi − pi ≥ max
j 6=i

(vj − pj)}.

Thus, for firm i’ pricing incentives, it would be convenient to work with σ̂ ∈ ∆(D) such that∫
D
D(pi)σ̂(dD) = Di(pi) (2)

for all pi ≥ 0. Furthermore, it would be even more convenient if it is without loss to restrict

attention to partitions of supp(µ0) so that any σ̂ ∈ ∆(D) satisfying (2) can be induced by

some partition of supp(µ0). By Theorem 2, this is possible if µ0 is absolutely continuous with

respect to the Lebesgue measure and has full support on a connected set.

Corollary 3. Given any p−i ∈ Rn−1
+ , suppose that µ0 is absolutely continuous and has full

support on a connected set. Then for any σ̂ ∈ ∆(D) such that∫
D
D(pi)σ̂(dD) = Di(pi),

there exists a σ-algebra H ⊆ B(Rn
+) so that for any measurable B ⊆ D, there exists H ∈ H

such that

µ0({v|vi − pi ≥ max
j 6=i
{vj − pj}} ∩H) =

∫
B

D(pi)σ(dD),

for all pi ≥ 0
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3.3 Aumann Meets Harsanyi

In seminal papers such as Aumann (1976) and Aumann (1987), information is modeled as

partitions of the state space. While this type of partitional models has provided countless

profound insights, sometimes it is more convenient to model information through joint dis-

tributions (see, for example, Bergemann and Morris (2016)). The results above formalize a

straightforward connection between these two approaches when there is a common prior.

More specifically, suppose that there are n ≥ 1 agents with a common prior. In Aumann’s

model, information is defined as partitions of an underlying state of the world (Θ,F ,P). That

is, the information player i has is given by a σ-algebra Hi on Θ. Meanwhile, another way to

define an information structure is through Harsanyi’s approach (Harsanyi, 1967-68). That

is, suppose that (V,V) is the payoff-relevant state space. An information structure (when

there is a common prior) is modeled by a joint distribution µ ∈ ∆(V × S,V ⊗ S), where

S = S1× . . .× Sn and S = S1⊗ . . .⊗Sn and (Si,Si) stands for the signal space for agent i.1

Suppose that V : Θ → V is a measurable function. Then any informational partitions

{Hi}Ni=1 define an information structure µ ∈ ∆(V × S,V ⊗ S).2 The results above ensure

that the converse is true, as long as (Θ,F ,P) is rich relative to V.

Corollary 4. Suppose that (Θ,F ,P) is rich relative to V. Then for any information structure

µ ∈ ∆(V × S,V ⊗S) with margV µ = P ◦V−1, there exists a collection of σ-algebras {Hi}ni=1

such that Hi ⊆ F for all i and that for any measurable sets B1 ⊆ S1, . . . , Bn ⊆ Sn, there

exists H1 ∈ H1, . . . , Hn ∈ Hn so that

P(V−1(A) ∩H1 ∩ . . . ∩Hn) = µ(A×B1 × . . .×Bn), ∀A ∈ V

As a result, for any information structure µ, by constructing a large enough underlying

state space (Θ,F ,P), one can always represent this information structure using an informa-

tion partition. In fact, this method is commonly used in the information design literature as

it gives a convenient way to define the information generated by multiple Blackwell experi-

ments and to capture arbitrary correlations among multiple signals (see, for instance, Green

and Stokey (1978), Gentzkow and Kamenica (2017), Frankel and Kamenica (2019), Brooks

et al. (2020)).3

4 Conclusion

This note shows that it is always possible to generate a joint distribution through a partition

of an underlying probability space, as long as this underlying space is rich enough. Several

1For technical reasons, assume that (V,V) and {(Si,Si)}ni=1 are standard Borel spaces.
2For each i, let Si := E[V|Hi]. Then the law of (V,S1, . . . ,Sn) is a probability measure on V × S.
3The typical way to construct the underlying state space is to define Θ := V × [0, 1], F = V ⊗ B([0, 1]),

P = µ0 ⊗ L and V(v, x) := v for all (v, x) ∈ Θ. By construction, (Θ,F ,P) is clearly rich relative to V.
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applications are discussed, including generating market segmentations by partitioning con-

sumers’ characteristics; splitting a residual demand by partitioning consumers according to

their value vectors; and representing an information structure by partitioning an underlying

state space. While richness of the underlying probability space is only a sufficient condition

for these results, characterizing the necessary and sufficient condition, as well as exploring

the connection between joint distributions and partitions with limited underlying probability

space, remain open questions.
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